OK… These notes are being hastily written because I accidentally quit word without saving the last batch of notes.  If anyone knows how to recover a file you inadvertently quit from w/o saving, please let me know!
Finishing up geopotential

So far, our discussion of gravitational/geo-potentials has been pretty general.  First, we had the gravitational potential, g defined such that g = 0 at distances far from Earth.  For a spherically symmetric Earth, we have,
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where r is the distance from Earth’s center.  We use this form of the potential when considering orbits of satellites, or Earth’s orbit about the Sun.  

We also defined a contribution to the geopotential from the centrifugal force associated with Earth’s rotation.
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Note that a reference point at r ( ( doesn’t make sense here, and one at r = 0 doesn’t make sense for gravitational potential.  So instead, when we combine the two in the rotating reference frame of Earth’s surface to get geopotential, we choose a reference point such that  = 0 at mean sea level. At mean sea level, both z = 0 and  = 0.

We already discussed that the Earth’s rotation causes gravity to be a bit stronger at the poles than at the equator.  Let’s denote this amount by g’.  The fractional difference, g = g’/g0 can be obtained from
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where we have set r = RE and used g0RE = Gm/RE.  g is = 0.34%.  Look at your history books, and you’ll find that most major wars in ancient history were due to attacks by poleward-residing nomadic civilizations attacking southward.  The explanation is, of course, they were just tired of the extra gravity.  (It is a fact that rockets are easier to launch from the equator, due to the initial rotation of the Earth giving them a boost.  Note that Cape Canaveral is as south as you get in the ConUS.)

Now let’s consider the effect of this on Earth’s shape.  We start with a statement that the shape of any fluid that is at rest is in hydrostatic balance.  That is, the pressure force balances the gravitational force.  Well, this is simply the same as saying that
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So a surface of constant pressure must also be a surface of constant geopotential.  Due to the sharp density difference between water and air, the ocean’s surface is pretty close to a constant pressure surface.  So its shape will be determined by the shape of the geopotential.  Combining terms and adding a new constant of integration, we have for the geopotential (still assuming near spherical symmetry for the Earth).
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Setting  = 0 at mean sea level (i.e. z = 0) and noting that r = RE + z, we have an expression for the geopotential at sea level.
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Note that we have a dependence on latitude here, but 0 is a constant.  How can this be?  Of course, the Earth’s surface isn’t really spherical, so RE must carry the latitude dependence.  We can assert that RE = RE0 +  where the deviation from sphericity, () is small compared to the radius of the Earth.  Subbing in and using Taylor’s expansion to linearize, we have
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Solving for  yields
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Making a final assertion that <> = 0 when averaging over latitude, we have
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This simplification predicts a difference between Earth’s radius at the poles and that at the Earth’s surface of 11 km.  The deformation of the Earth – despite being a feedback – is a strong one that influences the gravitational potential as a function of latitude.  It introduces 1/r2 and higher order terms that cancel at large distances, but strongly influence the geoid at the surface.

We analyze this briefly as follows:

Suppose the Earth deformed from a sphere as described above.  In this case, we can treat the gravitational potential of the interior as a sphere, but must separately consider that of the aspherical part.  Since <<RE0, we approach this problem by considering a thin shell having radius RE0.  If the shell were uniform, its gravitational potential would be that of a spherical shell.  We treat the asphericity by reducing the mass toward the poles in the following simplified manner
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