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Scattering of EM waves by spherical particles: Mie Scattering 
 
Why do we care about particle scattering? 
Examples of scattering 

• aerosols (note: ugly looking air when the relative humidity > 80%) 
• clouds,  
• rain  
• hail particles 

Scattering depends on the wavelengths both because of the size of the particle relative to the 
wavelength and because the index of refraction of the particle depends on wavelength. 
 
Aerosols are believed to be important for climate and the uncertainties in the properties of 
aerosols, anthropogenic generation of aerosols, changes in aerosols due to changes in climate.  
There are questions about the sign of the aerosol effect.  Different types of aerosols absorb 
radiation while others scatter radiation depending largely on their composition and how large the 
imaginary part of the index of refraction is. 
 

 
 
Direct and indirect effects 

• The "direct effect" of radiative forcing on climate relates to the changes in net radiative 
fluxes in the atmosphere caused by the modulation of atmospheric scattering and 
absorption properties due to changes in the concentration and optical properties of 
aerosols. 

• The "indirect effect" of radiative forcing on climate relates to the changes in net radiative 
transfer in the atmosphere caused by the changes of cloud properties due to changes in 
the concentration of cloud condensation nuclei, CCN. An issue of current concern is 
whether such a forcing might be caused by particle emissions from anthropogenic 
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activities.  These fall into two broad categories: a) changes in cloud albedo caused by the 
increases in the number of cloud droplets, and b) changes in cloud lifetime caused by 
modification of cloud properties and precipitation processes. 

 
Radars rely on scattering to measure precipitation and estimate rain rate.  Shorter wavelength 
radars around 94 GHz are used to sense cloud droplets.  Still shorter wavelength lidars are used 
to sense ice clouds. 
 
Mie scattering 

Mie scattering refers to scattering of electromagnetic radiation by spherical particles.  
Under these conditions an exact set of relations can be derived.  2008 marked the 100 year 
anniversary of Mie’s original 1908 publication on the derivation of electromagnetic radiation 
scattering from spherical particles. 
 
References:      The material discussed in these notes is taken largely from  

• Bohren & Huffman, Absorption and Scattering of Light by Small Particles, Wiley & 
Sons, 1983 

• 2 sets of notes and Matlab code from Christian Mätzler available on the web. 
• See also http://diogenes.iwt.uni-bremen.de/vt/laser/wriedt/index_ns.html for Mie codes 

available on the web.  This web site has a multitude of useful codes besides the Mie 
codes 

 
 
 
The real and imaginary parts of the index of refraction 
 

The electric field of a plane wave solution to the wave equation is  
 E(z,t) = E0 exp(-i[ωt−kz]) 

where k, the wavenumber, = 2π/λ, where λ is the wavelength and ω is the angular frequency in 
radians per second which is 2π f where f is frequency in cycles per second. 

The speed of propagation of the phase in the medium is  

 v = λf = ω/k  

The real part of the index of refraction is mr = c/v where c is the speed of light in a vacuum. 
The fact that the light generally travels slower in the medium than in a vacuum as defined by mr 
but the frequency of the light remains the same as it would in a vacuum means the wavelength of 
the light in the medium is different from the wavelength of that light in a vacuum. Defining k’ as 
the wavenumber in the medium yields 

 ω = k’v = kc      and     k’= m k   

where m is complex.  Plugging this into the plane wave solution in the medium yields 

 E(z,t) = E0 exp(-i[ωt-k’z]) 

Examining the spatial part, exp(ik’z), yields  
 exp(ik’z) = exp(i m k z) = exp(i [mr + i mi] k z) = exp(-i mr k z) exp(-mi k z) 
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We see two changes relative to propagation in a vacuum.  First, the wavenumber has been 
modified from k to nr k and, for typical  non-vacuum mediums where m > 1, k’ = nr k  is therefore 
a bit larger than in a vacuum because the wavelength has become smaller relative to a vacuum 
because the light is traveling slower than it would in a vacuum. 
 The second change is we now have an attenuation term associated with the imaginary 
part of the index of refraction.  So light traveling through a medium with an imaginary 
component of the index of refraction is attenuated. 
 

For a particle to cause scattering, the particle must have a different index of refraction 
than the medium in which it sits.  Otherwise the EM wave won’t know the particle is there. 
 

 
From Bohren and Huffman 
 
 
What is a scattered field? 

When light hits a boundary defined as a sharp change in the index of refraction, some of 
the light passes across the boundary and some is reflected.  If the object has finite size then some 
of the light may pass through it. 
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The portion of the light that is reflected and transmitted through the object is the scattered 
radiation.  The remaining portion of the light is absorbed by the obstacle. 

  
The scattering can be thought of as the superposition of the radiation from many microscopic 
electric dipoles on the obstacle that have been excited by the incident radiation field 
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Summary of the key steps in the Bohren and Huffman derivation of Mie scattering  
 

The derivation and discussion of Mie theory in BH is their chapter 4 running from p.82 to 
129.  This derivation contains lots of E&M equations and derivation.  We care primarily about 
the solution and the derivation is too detailed to be repeated here.  However, it is useful to 
summarize the key steps in the derivation in order to understand the solution and the logic and 
assumptions behind it. 

First, because we are working with spherical particles, we need to be working in spherical 
coordinates, r, θ, φ. 

  
 Figure 4.1 from BH page 85 
 
For the fields created by the scattering from the spherical particle, we must start with the scalar 
wave equation in spherical coordinates  
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Look for particular solutions of the form 
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"(r,#,$) = R(r)%(#)&($) 

Plugging this solution into the wave equation yields 3 equations: 
1. Solution for φ part is cos(mφ) and sin(mφ) 
2. Solution for θ part are associated Legendre functions of the first kind Pn

m(cosθ) of degree 
n and order m 

3. Solutions to the radial part are spherical Bessel functions 
The resulting solutions are 
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where the e and o subscripts refer to even and odd respectively and zn is any of the four spherical 
Bessel functions, jn, yn, hn

(1), or hn
(2).   
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where ρ = k r.  There are recursion relations to generate the higher order Bessel functions from 
the lower order ones. 
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The first few Bessel functions of the first (j) and second kind (y) are shown below. 
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See also Bessel function overview:  http://en.wikipedia.org/wiki/Bessel_function 
 
The vector spherical harmonics generated by ψemn and ψomn are  
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Next, we must write the equation for the incident plane wave that strikes the particles in 
spherical coordinates because we need to define it in coordinates natural to the spherical particle 
in order to impose the boundary condition at the surface of the spherical particle.  The incident 
field, Ei, written or expanded in terms of spherical waves is 
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Next we must impose the boundary condition at the surface of the particle.  At the surface 

of the particle there is a discontinuity in the index of refraction.  At that discontinuity at the 
surface of the particle we require that the tangential components of electric field be continuous.  
So at the surface of the particle, the sum of the electric field of the EM waves external to the 
particle (the incident wave plus the scattered wave) must equal the electric field of the EM wave 
created inside the particle.  This is written as 
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Scattering and internal wave Solutions 

The solutions for the scattered field and the field inside the particle resulting from the 
interaction of the incident plane wave with the particle are as follows.   The expansion of the 
coupled propagating electric and magnetic fields, El and Hl, inside the particle is 
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The expansion of the scattered EM fields, Es and Hs, well outside the particle are 
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Note the differences in the k’s and µ’s because the internal field is in the particle and the 
scattered field is in the surrounding medium which have different index of refractions and 
perhaps different magnetic permeabilities although we will likely never encounter a case in the 
atmosphere where the particle permeability differs from that of the atmosphere. 
 These series of terms represent the summation of contributions of normal modes. 
 
Cross sections: 

Previously we discussed the concept of cross-sections to represent the interaction of 
molecules and particles with EM radiation.  These cross-sections are conceptually like the cross 
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sectional area of a sphere where simplistically one might expect a sphere of radius, a, and 
geometric crosssectional area πa2 to absorb and therefore remove a portion of the flux of light in 
W/m2 equal to its cross sectional area, πa2.  Conceptually this idea is somewhat correct but the 
cross section of the particle for interaction with electromagnetic radiation is in general not equal 
to its geometric crosssection.  Its EM crossection can be somewhat larger or much smaller if the 
the wavelength of the light is much larger than the particle size so that the light does not interact 
much with the particle.  Generally the maximum EM crosssection occurs when the wavelength 
and particle radius are comparable. 

There are two types of crosssections, scattering and absorption crosssections 
 

Scattering and absorption efficiencies 
One can write the crosssections as efficiencies relative to their geometric crosssections. 

! 

Q
i
=
"
i

#a2
  and  

! 

"
i
=Q

i
#a2 

The efficiencies, Qi, for the interaction of radiation with a scattering sphere of radius a are cross 
sections σi (called Ci in BH) normalized to the particle cross section, πa2, where i stands for 
extinction (i=ext), absorption (i=abs), scattering (i=sca), back-scattering (i=b), and radiation 
pressure (i=pr). 
 Energy conservation requires that  

Qext = Qsca + Qabs ,  or σext = σabs + σsca       (3.25) 
 
The scattering efficiency Qsca follows from the integration of the scattered power over  
all directions, and the extinction efficiency Qext follows from the Extinction Theorem  
(Ishimaru, 1978, p. 14, van de Hulst, 1957, p. 31), also called Forward-Scattering  
Theorem,  
 
 
Switch to  Christian Mätzler’s MATLAB Functions for Mie Scattering and Absorption  
 
Note the critical variables: r, λ, m (=complex index of refraction), and directions 
The normalized spatial variable is x = 2πa/λ where a is the particle radius and λ is the 
wavelength. 
 
Note the BH estimate of the Maximum number of terms in the sum 
 
Note that as the complex index of refraction, m, approaches 1, an and bn vanish.   The scattered 
field must go to 0 as it should as the particle disappears. 
Bugs in radar 
 
Examples 
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5 µ radius cloud scattering: 10 micron light                               0.5 micron light (FWHM~4 deg) 
 

 
The figure defines the directions and the “scattering plane”.  The incident beam is traveling in 
the +z direction. The scattering plane is defined by the plane with the // electric field and the 
direction of the scattered radiation. The two components of the electric field in the incident beam 
are the // and orthogonal components where the // is in the scattering plane. 
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Equation for the width of the forward scattered beam:  
The half power x sinθ = 1.5.  x~60 so sinθ = 1/40 and θ = 0.025 radians = 1.4 degrees.  

So full width half max (FWHM) is approximately 3 degrees.   
 

 
 

Dusty windshield: A dusty windshield looks so bright when the sun is nearly directly 
ahead because of this focused forward scattering effect when the particles are comparable to or 
larger than the wavelength of light.  In fact, measuring the angle range over which the forward 
scattering is quite strong yields an indication of the scattering particle size. 
 
Reflection from clouds:  

We know from experience that clouds are in general very bright reflectors of sunlight.  
However, the figure above indicates that most of the sunlight striking a cloud droplet is forward 
scattered.  How is it that clouds look bright at almost any angle given that the light is forward 
scattered?  The imaginary index of refraction of water is very small in the visible wavelength 
band.  See fig 10.3 from page 275 of BH reproduced below.   

Scattering by a single droplet only deflects the incident radiation by ~1.5 degrees.  To 
have strong reflection at 180 degrees then requires roughly 100 scattering interactions.  Each 
scattering occurs at a τ of ~1.  So to be a bright reflector, a cloud must have an optical depth of 
order 100 or higher.  Given the typical particle size, particle number density and the scattering 
efficiency we can calculate the necessary cloud thickness for a cloud to appear bright at visible 
wavelengths.   At visible wavelengths and a spherical cloud droplet larger than the wavelength, 
Qsca ~ 2. The reason the crosssection is a factor of 2 larger than the geometric crossection is due 
to diffraction.  So under these conditions, the droplet Mie scattering crosssection is ~ 2 π a2.   

 
Assume a representative cloud water content (CWC) of 0.05 g/m3 and droplets of radius, 

a = 5 microns.  The number of droplets per cubic meter is CWC/(4/3 π a3 ρh2o).  The mass in 
each droplet is 5e-10 g so the number of particles per cubic meter is 1e8.  The scattering 
crosssection per particle is 1.6e-10 m2.  The scattering crossectional area per cubic meter is 
therefore 1.6e-10 m2/droplet 1e8 droplets/m3 = 0.016 m-1.  So achieving an optical depth of 1 
requires a cloud path of 60 m.  A scattering optical depth of 100 requires an optical path through 
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the cloud of ~6 km.  This pathlength includes the path on the way down into the cloud and the 
path on the way back up and out of the cloud.   

The reason a cloud can be so reflective with such a high optical depth is the imaginary 
part of the dielectric constant of water at visible wavelengths is very small with log(ε”)~ -8 so ε” 
~ 0.0003, so there is almost no absorption.  The scattered light passes through approximately 100 
droplets or a total amount of water of ~1 mm.   

Note that cloud ice crystals may have a larger crosssection per unit particle mass if the 
surface area to volume is larger than a sphere as it can be depending on the type of crystal.  
Remember, what we have been doing is Mie scattering which is applicable to spherical particles. 

 
This figure shows the complex dielectric of water over an enormous range of wavelengths. The 
complex dielectric is   ε = ε’ + iε”.  Note that these values in the figure are the relative dielectric 
or permittivity, that is the permittivity relative to the permittivity in a vacuum, ε0 = 8.854x10-12 
farads/meter. 
 
Ice vs. water: Also note that the microwave permittivity, ε’, of ice is ~3.2.  So the curve in the 
upper panel of the figure is for liquid water, not ice. 
 
Note that the values of ε” are given as log10(ε”) rather than ε”.  So for water ice, near 1 mm 
wavelength, ε” = 10-1.75 = 0.018 
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The Mie scattering equations are written in terms of the complex index of refraction whereas the 
figure above is the complex dielectric of water.  So we must convert between the two. 
 
Relation between complex dielectric constant and complex index of refraction 

Following the variables defined in BH, the complex index of refraction, N, is 
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where n and k are nonnegative.  The absorption coefficient in the material is  
α = 4πk/λ. 

 
The relation between complex n and complex ε follows from (n+ik)2 = ε’+i ε”: 

! 

n + ik = " = "'+"" =
"'2 +""2 + "'

2
± i

"'2 +""2 #"'

2
=

"' 1+
""2

"'2
+1

$ 

% 
& & 

' 

( 
) ) 

$ 

% 

& 
& 

' 

( 

) 
) 

2
± i

"' 1+
""2

"'2
#1

$ 

% 
& & 

' 

( 
) ) 

2

If ε’>> ε”, then this simplifies to 

! 

n + ik = "' 1+
""2

4"'2
# 

$ 
% 

& 

' 
( ± i

""2

4"'

# 

$ 
% 

& 

' 
( = "' 1+

""2

4"'2
# 

$ 
% 

& 

' 
( ± i

""

2 "'
 

 
This relation allows us to use the figure above to plug in values of the complex index of 
refraction of water liquid and ice over a wide range of wavelengths into the Mie code to 
determine the scattering properties of individual spherical droplets 
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5 micron cloud droplet: Mie efficiencies at IR wavelengths. x=5: λ=6 microns, Absorption is 
larger at longer wavelengths.  The index of refraction varies somewhat over this frequency range 
so this efficiency spectrum should be viewed as representative.  

 

 
5 micron cloud droplet Mie efficiencies at visible wavelengths:  Scattering dominates. The rapid 
variation with x is the interference pattern.  With a distribution of particle sizes the fine scale 
structure will smooth out.  x= 78.5: λ=0.4 microns (violet light). x=63: λ=0.5 microns (green 
light). x=45: λ=0.7 microns (red light). 
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Same figure as above but with a (barely) finite imaginary index of refraction and only Qext, Qsca 

and Qabs. 
 
At its minimum in the visible band, log10(ε”) is -8 in Figure 10.3 from BH and ε” = 1e-8. The 
imaginary index of refraction (k) is therefore 

! 

k =
""

2 "'
 = 3.7e-9 which is used in the figure above. 

The result is still essentially no absorption. 
 
 
Backscatter Efficiency: definition problem with 4π factor 
 Comparison of the backscatter and scattering efficiencies reveals that the backscatter 
efficiency is larger.  This should seem strange because the scattering efficiency is the efficiency 
of scattering integrated over all angles whereas the backscattering efficiency is only over the 
backward direction.  So how can the efficiency of scattering over one direction be larger than the 
efficiency integrated over all directions?  The answer is it can’t and the problem is an 
inconsistency in definition.  The backscatter efficiency has been multiplied by 4 π to create an 
equivalent efficiency as though the backscatter were true in all directions rather than just the 
back 
 
Wavelength dependence of the index of refraction 

As BH point out, many figures have been produced where the index of refraction is 
constant and independent of wavelength which is in general a poor assumption.  These figures 
are created because they are easy to generate.  The figure below is much more work but 
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physically far more correct because it includes the variation of index of refraction with 
wavelength. 
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effect of clouds near 22 GHz and 183 GHz 
 
m = 6+3i 
5 micron radius cloud droplet 
Qabs ~ 0.0004 
 

 
Peter Ray: Broadband Complex Refractive Indices of liquid water 
 



ATMO/OPTI 656b  Spring 2009 

 17 ERK 4/28/09 

Rayleigh scattering and absorption efficiencies to of order x4: 
 
Rayleight scattering is Mie scattering in the limit where the particle is much smaller than the 
wavelength so x << 1. 
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The far field scattered components including the angular dependence are 
 
S1=3/2 a1,     and      S2=3/2 a1 cosθ. 
 
 
Scattering at ATOMMS wavelengths 

To obtain an estimate of the absorption caused by cloud ice particles for the ATOMMS 
measurements we consider a cloud of spherical water ice particles of 5 micron radius and larger.  
Now what are the absorption and scattering crosssections of the particles as a function of 
wavelength? 
 According to BH Figure 10-3, for a wavelength of 1.5 mm, ε” ~ 0.016 according to figure 
10-3 of BH and for ε’ = 3.2, the imaginary part of the index of refraction of water ice, k, is 0.044 
and the real part is 1.79.  This is consistent with Jiang and Wu (2004) which indicate that ε” = 
0.015 or lower at lower temperatures in which case the imaginary part of the index of refraction 
of water ice, k, is 0.0042 and the real part is still 1.79.  Using a spherical ice particle of radius 5 
microns, the particle’s absorption efficiency is 1.4663e-04 via Mie calculations and 0.000147 via 
Rayleigh scattering.  Given the geometric cross-section of 7.85e-11 m2, the electromagnetic 
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crosssection is 1.15e-14 m2. 
 The extinction coefficient in units of inverse length is the crosssection per particle times 
the number density of particles.   

! 

kext = npart" ext = npart " abs +" sca( ) = kabs + ksca  
Assuming all the particles are the same size, the number density of particles is the mass of ice 
per unit volume (= ice water content, ‘IWC’) divided by the mass per particle which is the mass 
density of water ice times the particle volume.  So the number density of particles is 
IWC/(ρice*4/3πa3).  For an IWC of 0.05 g/m3 (Davis et al., 2007) and a 5 micron radius particle 
volume of 5.24e-10 cm3, the number density of ice particles is 9.55e7 particles/m3.  Under these 
conditions, the absorption coefficient, kabs, at 1.5 mm due to water ice particles 5 microns in 
radius is 1.15e-14 m2/particle * 9.55e7 particles/m3 = 1.11e-6 m-1.   
 So the optical depth through a cloud that extends 100 km would be  
τ = 1.11e-6 m-1 1e5 m = 0.11. 
 Jiang and Wu (2004) report the largest effect on MLS observations comes from ice 
particles in the size range of 100-300 microns in diameter.  This needs to be examined with Mie 
scattering because these sizes are not really in the Rayleigh range as we’ll see from the far field 
angular plots.   
 

 
Fig.  Mie scattering for pure water ice with m=1.8+0.004i (based on Jiang and Wu, 2004) and a 
1.5 mm wavelength.  The ice particle radius varies from 0 to 100 microns in Panel a and 0 to 
300 microns in Panel b.  Clearly scattering dominates over absorption for larger particles 
(larger x).  In a, the transition from absorption-dominated extinction for smaller particles to 
scattering-dominated extinction for larger particles occurs at x=0.24 where particle radius is 60 
microns.  Over this range, the behavior is approximately Rayleigh scattering.   
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At 5 and 60 microns the scattering is well approximated as Rayleigh. At 300 microns the angular 
plot shows the scattering is NOT Rayleigh. 
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Extinction coefficient for mono-dispersion particle distribution 
 Assuming all particles have the same radius which gives the maximum particles at that 
radius for a given Ice Water Content (IWC) then the extinction coefficient is  
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Example:  For λ=1.5 mm, a=300 microns, and IWC =0.05 g/m3, Qscat~1 and Qabs ~0.02 so that  
kext = 1.25e-4 m-1  (=0.75 * 5e-2 g/m^3 / 1e6 g/m^3 / 3e-4 m) 

Through a cloud 100 km in extent, the scattering optical depth would be 1.25e-4 m-1 1e5 
m = 12.5 which is quite large.  So the signal intensity would be reduced by a factor of e-12.5 to be 
4e-6 times smaller than the intensity in the absence of the cloud.  This is an overestimate because 
300 micron cloud particles are unusually large and it is unlikely the cloud particle size 
distribution would be dominated by cloud particles of this size. 
 
In the Rayleigh regime, Qabs scales linearly with x and therefore a for a fixed wavelength 
whereas Qscat scales as x4 therefore with a4 for a fixed wavelength. 
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So, for a fixed wavelength and a mono-dispersed particle size distribution in the Rayleigh 
regime, the absorption portion has no dependence on the particle size and the scattering portion 
depends on a3 and is therefore proportional to the particle volume. 
 
Wavelength dependence 
 While there is a weak wavelength dependence of ε”, the absorption crosssection of the 
particle depends inversely on the wavelength in the Rayleigh regime because the particle 
absorption efficiency depends linearly on x in the Rayleigh regime.  For a wavelength 3% longer 
than 1.5 mm, the particle absorption efficiency changes to 6.7e-5 and the absorption coefficient 
is 5.03e-7 m-1 which represents a fractional change of 3%.  This inverse linear dependence on 
wavelength is larger than we would like for ATOMMS but, at least at 5 micron particle sizes, the 
absorption is quite small. 
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SOFTWARE:  A very useful website containing a wide array of electromagnetic scattering programs has been 
assembled by Thomas Wriedt at the University of Bremen:  
http://diogenes.iwt.uni-bremen.de/vt/laser/wriedt/index_ns.html  


